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Abstract
Despite the impressive progress in the development of algebraic algo-
rithms and computer algebra packages, the inherent computational com-
plexity of even the most basic problems in algebraic geometry is still far
from being understood. In [5] a systematic study of the inherent complex-
ity for computing algebraic/topological quantities was launched with the
goal of characterizing the complexity of various such problems by com-
pleteness results in a suitable hierarchy of complexity classes. We continue
this study by investigating the complexity of computing the Hilbert poly-
nomial of a complex projective variety V ⊆ P
n. This polynomial encodes
important information about the variety V , like its dimension, degree and
arithmetic genus.
Several algorithms for computing the Hilbert polynomial were de-
scribed by Mora and M¨ oller [14] and Bayer and Stillmann [3]. The
latter algorithm has been implemented in the computer algebra system
Macaulay 2 and works quite well in practice. All these algorithms are
based on the computation of Gr¨ obner bases, which leads to bad upper
complexity estimates. In fact, it follows from the work of Mayr and
Mayer [13] that the problem of computing a Gr¨ obner basis is exponential
space complete. Both cardinality and maximal degree of a Gr¨ obner basis
might be doubly exponential in the number of variables (cf. [12]). It is
generally believed that these bounds are quite pessimistic and that for
problems with “nice” geometry single exponential upper bounds should
hold for Gr¨ obner bases. However, only few rigorous results are known
in this direction [2,7,9,12]. Thus, currently, no upper bound better than
exponential space is known for the computation of the Hilbert function or
polynomial of a homogeneous ideal.
Based on the lower bound on the homogeneous polynomial ideal mem-
bership problem in [12] we are able to show that the problem of computing
the Hilbert polynomial is FPSPACE-hard, where FPSPACE denotes the
1complexity class of functions that can be computed in polynomial space
by a Turing machine.
As a corollary, we obtain a FPSPACE-lower bound for the problem of
computing the rank of cohomology groups of coherent sheaves on projec-
tive space as well as for the problem of computing the corresponding Euler
characteristic, thus improving the #P-lower bound in Bach [1].
The bound on the Castelnuovo-Mumford regularity for the vanishing
ideal of a smooth projective variety in Theorem 3.12(b) of [2] suggests that
the computation of the Hilbert polynomial might actually be possible
in polynomial space for smooth varieties. The main goal of this paper
is to prove a stronger result: we show that the problem Hilbertsm of
computing the Hilbert polynomial of a smooth complex projective variety
V ⊆ P
n can be reduced in polynomial time to the problem #HNC of
counting the number of complex common zeros of a given ﬁnite set of
complex polynomials. Such a reduction can be established in the Turing
as well as in the Blum-Shub-Smale model of computation [4].
This result is to be interpreted in the framework of counting com-
plexity. In [5] Valiant’s counting complexity class #P [15] was extended
to the framework of computations over C in the sense of Blum, Shub,
and Smale. Thus #P C is the class of functions which, roughly speaking,
count the number of satisfying witnesses for an input of a problem in NP C.
The problem #HNC turns out to be complete for the class #P C. In [5,6]
it was shown that both problems to compute the geometric degree and
the topological Euler characteristic of complex aﬃne varieties are polyno-
mial time equivalent to #HNC. Moreover, when restricting the inputs to
integer coeﬃcient polynomials, the corresponding discrete problems are
equivalent in the Turing model of computation. The complexity of these
discrete problems is captured by the Boolean part GCC of #P C, which is
obtained by restricting the functions in #P C to bit strings. Is is known
that #P ⊆ GCC ⊆ FPSPACE [5].
Our reduction from Hilbertsm to #HNC is based on some ideas and
tools of intersection theory, enumerative geometry, and Schubert cal-
culus [8]. The key point is the formula (??) below, which expresses
the coeﬃcients of the Hilbert polynomial as a rational linear combina-
tion of the geometric degrees of certain degeneracy loci. For a parti-
tion λ = (λ1,...,λm) such that λ1 ≤ n−m and a ﬂag L of linear subspaces
L1 ⊂ L2 ⊂ L2 ⊂ ... ⊂ Lm ⊂ P
n such that codimPnLi = m + λi − i + 1
for 1 ≤ i ≤ m, we deﬁne the generalized polar variety
Pλ(L) = {x ∈ V | dim(TxV ∩ Li) ≥ i − 1 for 1 ≤ i ≤ m}
and denote by degPλ its (well-deﬁned) geometric degree for generic L.
Then the k-th coeﬃcient pk(V ) of the Hilbert polynomial of V is given by
pk(V ) =
1
k!
X
|µ|≤m−k
µ1≤n−m
δ
m,k
µ degPµ, (1)
where the sum is over all partitions µ of size at most m − k and δ
m,k
µ are
explicitly describable rational numbers essentially computable in #P.
To complete the reduction, we use the fact that the computation of
the geometric degree of varieties is possible in the complexity class Gap
∗
C
2(which is slightly larger than #P C) and that the class Gap
∗
C is closed under
exponential summation [6].
For proving (??) we interpret the value PV (d) of the Hilbert polyno-
mial of V as the Euler characteristic χ(OV (d)) of the twisted sheaf OV (d).
The Hirzebruch-Riemann-Roch Theorem [10] gives an explicit combina-
torial description of χ(OV (d)) in terms of certain determinants ∆λ(c) in
the Chern classes ci of the tangent bundle of V . The homology class cor-
responding to the cohomology class ∆λ(c) can be realized up to sign by
the homology class of Pλ [8,11].
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